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THE FIBRES OF THE RAMIFIED PRYM MAP
P. FREDIANI, J.C. NARANJO AND I. SPELTA
Abstract. We study the ramified Prym map Pg,r −→ A
δ
g−1+ r
2
which
assigns to a ramified double cover of a smooth irreducible curve of genus
g ramified in r points the Prym variety of the covering. We focus on
the six cases where the dimension of the source is strictly greater than
the dimension of the target giving a geometric description of the generic
fibre. We also give an explicit example of a totally geodesic curve which
is an irreducible component of a fibre of the Prym map P1,2.
0. Introduction
The Prym map Pg,r assigns to a degree 2 morphism π : D −→ C of
a smooth complex irreducible curve ramified in an even number of points
r ≥ 0, a polarized abelian variety P (π) = P (D,C) of dimension g − 1 + r2 ,
where g is the genus of C. We assume that g > 0 throughout the paper. The
variety P (π) is called the Prym variety of π and is defined as the connected
component of the origin of the kernel of the norm map Nmpi : JD −→ JC.
Hence, denoting by Rg,r the moduli space of isomorphism classes of the
morphisms π, we have maps:
Pg,r : Rg,r −→ A
δ
g−1+ r
2
,
to the moduli space of abelian varieties of dimension g − 1 + r2 with polar-
ization type δ := (1, . . . , 1, 2, . . . , 2), with 2 repeated g times if r > 0 and
g − 1 times if r = 0.
The case r = 0 is very classical. Indeed, Prym varieties of unramified cov-
erings are principally polarized abelian varieties and they have been studied
for over 100 years, initially by Wirtinger, Schottky and Jung (among others)
in the second half of the 19th century from the analytic point of view. They
were studied later from an algebraic point of view in the seminal work of
Mumford [20] in 1974. We refer to [10, section 1] for a historical account.
Since Mumford’s work, a lot of information has been obtained about the
unramified (or “classical”) Prym map Pg,0. This theory is strongly related
with the study of the Jacobian locus, Schottky equations and rationality
problems among other topics. It is known that it is generically injective for
g ≥ 7 but never injective (see [8] and the references therein). Moreover,
in low genus, a detailed study of the structure of the fibre was provided
by the works of Verra ([28], for g = 3), Recillas ([27] for g = 4), Donagi
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([8] for g = 5) and Donagi and Smith ([9] for g = 6). All these results have
been summarized under an uniform presentation in the fundamental work of
Donagi [8]. As we explain below, the aim of this paper is to do an analogous
work for the fibres of the ramified Prym map in low genus.
Although some specific cases were considered previously in [23] and [5], a
systematic study of the properties of the ramified Prymmap in full generality
starts with the work of Marcucci and Pirola [22]. Combining their results
with the main theorems in [21] and [24], the generic Torelli theorem is proved
for all the cases where the dimension of the source Rg,r is smaller than
the dimension of the target dimAδg−1+ r
2
. In fact, recently, a global Torelli
theorem has been announced for all g and r ≥ 6 ([15] for g = 1 and [25] for
all g).
In this paper we address to the opposite side of the study of the ramified
Prym map: the structure of the generic fibre when
(0.1) dimRg,r = 3g − 3 + r > dimA
δ
g−1+ r
2
=
1
2
(g − 1 +
r
2
)(g +
r
2
).
This is only possible in six cases that will be considered along the paper:
r = 2 and 1 ≤ g ≤ 4 and r = 4 and 1 ≤ g ≤ 2. The case g = 1, r = 4
was considered by Barth in his study of abelian surfaces with polarization
of type (1, 2) (see [2]).
In [12] and [14] infinitely many examples of totally geodesic and of Shimura
subvarieties of Ag generically contained in the Torelli locus have been con-
structed as fibres of ramified Prym maps. In [18], [19], [11], [13] examples
of Shimura subvarieties of Ag generically contained in the Torelli locus have
been constructed as families of Jacobians of Galois covers of P1 or of elliptic
curves. Some of them are contained in fibres of ramified Prym maps.
In particular, the images inM2 and inM3 of R1,2, respectively R1,4, are
the bielliptic loci and in [12] it is proven that the irreducible components of
the fibres of the Prym maps P1,2, P1,4 yield totally geodesic curves in A2
and A3 and countably many of them are Shimura curves. Moreover in [12]
it is shown that family (7) = (23) = (34) of [11] is a fibre of the Prym map
P1,4, which is a Shimura curve.
In this paper (section 8) we give an explicit example of a totally geodesic
curve which is an irreducible component of a fibre of the Prym map P1,2.
It is worthy to mention that degree 2 coverings ramified in 2 points can be
seen as the normalization of coverings of nodal curves. Beauville extended
in [3] the classical Prym map to some coverings of stable curves (called
“admissible” coverings) in such a way that the extended Prym map
Pg : Rg −→ Ag−1
becomes proper (to simplify the notation, Pg,0 and Pg,0 are denoted by Pg
andRg). Then the moduli space Rg−1,2 can be identified with an open set of
a boundary divisor of Rg. With this strategy the mentioned works of Verra,
Recillas and Donagi could help to understand the cases r = 2 and 2 ≤ g ≤ 4.
Unfortunately this way becomes cumbersome since the intersection of the
generic fibre with the boundary is usually difficult to be described. We
have found (except for the case g = 4) direct procedures to study the fibre
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mainly based on the bigonal construction (see [8]) and the extended trigonal
construction (see [17]). We overview both in the next section.
The results obtained in this paper can be summarized in the Theorem
below. To state our theorem in the case r = 2, g = 4 we need to recall that
Donagi found a birational map
κ : A4 −→ RC
+,
where RC+ is the moduli space of pairs (V, δ), V being a smooth cubic
threefold and δ an “even” 2-torsion point in the intermediate Jacobian JV
(see [8, section 5]).
Theorem 0.1. We have the following description of the fibres of the ramified
Prym map in the cases (g, r) ∈ {(1, 2), (1, 4), (2, 2), (2, 4), (3, 2), (4, 2)}:
a) For a generic elliptic curve E the fibre P−11,2 (E) is isomorphic to
L1 ⊔ . . . ⊔ L4, where each Li is the complement of three points in a
projective line.
b) (Barth) Let (A,L) be a generic abelian surface with a polarization
of type (1, 2). Then there is a natural polarization L∗ of type (1, 2)
in the dual abelian variety A∗ and the fibre P−11,4 (A) is canonically
isomorphic to the linear system |L∗|.
c) The generic fibre of P2,2 is isomorphic to the complement of 15 lines
in a projective plane.
d) The generic fibre of P2,4 is isomorphic to the complement of 15 points
in an elliptic curve.
e) Let X be a generic quartic plane curve, consider the variety G14(X)
of the g14 linear series on X, and denote by i the involution L 7→
ω⊗2X ⊗L
−1. Then P−13,2 (JX) is isomorphic to the quotient by i of an
explicit i-invariant open subset of G14(X).
f) Let (V, δ) be a generic element in RC+ and let Γ ⊂ JV be the curve
of lines l in V such that there is a 2-plane Π containing l with Π·V =
l + 2r. Then P−14,2 (V, δ) is isomorphic to the irreducible e´tale double
covering of Γ attached to the restriction of δ to Γ.
For more details see Theorems (2.2), (3.2), (4.1), (5.2), (6.5), (7.6).
The paper is organized as follows: in the next section we give some pre-
liminaries about the bigonal and trigonal construction and also on the dif-
ferential of the ramified Prym map. In particular we prove that the maps
we are considering are dominant. Next we devote one section for each of the
six cases. We include for completeness a description of Barth’s results for
g = 1 and r = 4. The most involved case are g = 3, r = 2 and g = 4, r = 3.
By means of the trigonal construction, the case g = 3, r = 2 is related with
the determination of the tetragonal series on a generic quartic plane curve
which do not contain divisors of type 2p + 2q. This is studied in detail in
section 6. In the case g = 4, r = 2 we need to take care of the behaviour at
the boundary of the rather sophisticated Donagi’s description of the fibre of
P5 (see [8, section 5]). In particular we have to take care of the quadrics
containing a nodal canonical curve of genus 5 which we consider that can
be interesting on its own. This is the content of section 7. In section 8 we
describe some examples of irreducible components of fibres of ramified Prym
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maps that yield totally geodesic or Shimura subvarieties of Ag.
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suggestions and references concerning section 6. The third author thanks
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it offered when the first draft of this project started.
1. Preliminaries
1.1. The differential of the ramified Prym map. By the theory of
double coverings, the moduli space Rg,r can be alternatively described as
the following moduli space of triples (C, η,B):
Rg,r = {(C, η,B) | [C] ∈ Mg, η ∈ Pic
r
2 (C), B reduced divisor in |η⊗2|}/ ∼= .
The codifferential of Pg,r at a point [(C, η,B)] ∈ Rg,r is given by the multi-
plication map ([22])
dP∗g,r(C, η,B) : Sym
2H0(C,ωC ⊗ η) −→ H
0(C,ω2C ⊗O(B)).
Proposition 1.1. Assume that
(g, r) ∈ {(1, 2), (1, 4), (2, 2), (2, 4), (3, 2), (4, 2)},
then the ramified Prym map Pg,r is dominant.
Proof. It is enough to show that for a generic (C, η,B) there are no quadrics
containing the image of ϕωC⊗η : C −→ PH
0(C,ωC ⊗ η)
∗. Notice that
there is nothing to prove in the cases (g, r) ∈ {(1, 2), (2, 2), (1, 4)}. For
(g, r) = (3, 2) and (g, r) = (2, 4) the curve ϕωC⊗η(C) is a plane curve (with
nodes) of degree 5 and 4 respectively. For the case (g, r) = (4, 2) we identify
elements (C, η, p + q) ∈ R4,2 with coverings (C
∗ = C/p ∼ q, η∗) of type (∗)
in R5 and we refer to [9, Proposition 3.4.1]. There the authors study the
codifferential of the extended P5. They prove that the kernel at a point
(D∗, C∗) ∈ R5\R5 can be naturally identified with the space of quadrics
containing the canonical curve ϕωC (C) and the chord ϕωC (p), ϕωC (q). Since
C has genus 4 it is contained in a unique quadric Q. Being p and q generic,
Q doesn’t contain the required chord. Hence the Prym-canonical curve
ϕωC⊗η(C) is contained in no quadrics.

Corollary 1.2. The assumptions of the previous proposition imply that the
dimension of the generic fibre Fg,r of Pg,r is:
dimF1,2 = 1, dimF2,2 = 2, dimF3,2 = 2,
dimF4,2 = 1, dimF1,4 = 1, dimF2,4 = 1.
1.2. Dual Abelian Variety. Here we recall the main result of Birkenhake-
Lange concerning dual abelian varieties and dual polarizations.
Theorem 1.3 ([6], Theorem 3.1). There is a canonical isomorphism of
coarse moduli spaces
A
(d1,...dg)
g → A
(
d1dg
dg
,
d1dg
dg−1
,...,
d1dg
d1
)
g(1.1)
(A,L) 7→ (A∗, L∗)
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sending a polarized abelian variety to its polarized dual abelian variety.
Here L∗ is the polarization on the dual abelian variety A∗ which satisfies
λL∗ ◦ λL = (dg)A and λL ◦ λL∗ = (dg)A∗ ,
where λL : A → A
∗, λL∗ : A
∗ → (A∗)∗ = A are the polarization maps and
(dg)A : A→ A, (dg)A∗ : A
∗ → A∗ are the multiplications by dg.
Notice that the dual polarization L∗ satisfies (L∗)∗ = L.
1.3. The bigonal construction. Here we remind the bigonal construction.
All details can be found in [8].
Let us consider a curve C of genus g together with a pair of degree 2 maps
D
pi
−→ C
f
−→ P1.
The bigonal construction produces another “tower” of degree 2 maps
D′ → C ′ → P1
in the following way: the fibre over a point p ∈ P1 is given by the 22 sections
s of π over p. This means that we consider maps:
(1.2) s : f−1(p)→ π−1f−1(p) with π ◦ s = id.
The curve D′ carries a natural involution i′ : D′ → D′ defined in the follow-
ing way
(1.3) q1 + ...+ q2 7→ i(q1) + ...+ i(q2)
where i is the involution of D which induces the covering π. Obviously,
C ′ = D/〈i′〉.
D′ can be better described inside D(2) by means of the following fibre
product diagram:
(1.4)
D′ D(2)
C ′
g12 C
(2)
h
pi′
pi(2)
f ′
The fibre of h over a point k ∈ P1 is given by the sections s introduced in
(1.2). The possible situations over k are the following (see [8], pp. 68-69):
1) If π, f are e´tale the same are π′, f ′;
2) If f is e´tale while π is branched at one point of f−1(k), then h inherits
two critical points of order 2 in the fibre which are exchanged by i.
This means that are π′ is e´tale, while f ′ is branched;
3) Viceversa if π is e´tale while f is branched in k, then h has a critical
point of order 2 in the fibre and 2 more points which are exchanged
by i′. This means that π′ has a critical point of order 2 while f ′ is
e´tale;
4) If π, f are both branched the same are π′, f ′ (in particular h has a
single critical point of order 4);
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5) If f is e´tale while π is branched at both points then C ′ will have a
node over k.
We call an element D → C → P1 general if it avoids situations of type 5)
(where the bigonal construction induces singular coverings).
Proposition 1.4. Assuming f ◦ π general then g(D′) = r + g − 2 and
g(C ′) = r2 − 1.
Proof. By the assumption of generality, a straightforward application of
Riemann-Hurwitz formula for h gives:
2g(D′)− 2 = 4(−2) + 2(r − r′) + 6− r′ + 3r′.
Similarly for π′, we get:
2g(D′)− 2 = 2(2g(C ′)− 2) + 6− r′ + r′.

Lemma 1.5 ([8], Lemma 2.7). The bigonal construction is symmetric: if it
takes D
pi
−→ C
f
−→ P1 to D′
pi′
−→ C ′
f ′
−→ P1 then it takes D′
pi′
−→ C ′
f ′
−→ P1 to
D
pi
−→ C
f
−→ P1.
Moreover the following holds:
Theorem 1.6 (Pantazis,[26]). The Prym varieties P (D,C) and P (D′, C ′)
associated to the two bigonally-related covering maps D → C and D′ → C ′
are dual each other as polarized abelian varieties.
1.4. The trigonal construction. Thanks to the work of Recillas ([27]),
we have a theorem concerning the polygonal construction in the case n = 3.
It is known as trigonal construction and it deals with e´tale double covers of
smooth trigonal curves.
Denote Rtrg+1 the moduli space of 2:1 e´tale coverings of trigonal curves C˜
of genus g+1. Each point in Rtrg+1 corresponds to a triple (C˜, η,M), where
η ∈ Pic0(C˜) such that η 6= 0 and η2 = OC˜ gives the double covering and M
is the g13 which gives the map to P
1. This means that we consider towers
(1.5) D˜
p˜i
−→ C˜
3:1
−−→ P1.
Now call Mtetg,0 the open subspace ofMg given by tetragonal curves X with
the property that above each point of P1 the associated linear series g14 has
at least one e´tale point. In [27] Recillas showed (see [7] for details of the
construction) that:
Theorem 1.7. The trigonal construction gives the following isomorphism:
T0 : R
tr
g+1 →M
tet
g,0
(C˜, η,M) 7→ (X,F ),
where F is a g14.
Moreover, calling P (π˜) the Prym variety associated to π˜, we have:
P (π˜) ∼= JX
as isomorphism of principally polarized abelian variety (from now on denoted
by ppav).
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Notice that the polygonal construction in case n = 3, applied to a un-
branched covering π, gives a reducible curve X = X0∪X1 (see [8, Corollary
2.2]). The two components are isomorphic tetragonal curves of genus g.
Take one of them to define the image (X,F ) of (C˜, η,M) through T0.
A similar statement is valid also in the case of double covers of trigonal
curves with two ramification points. This has been proved by Lange and
Ortega in [17]. Denote Rbtrg the moduli space of ramified double covers
π : D → C of smooth trigonal curves C of genus g and suppose that the
branch locus of π is disjoint from the ramification locus of the degree 3 map
f : C → P1. As in [17], we will call an element D
pi
−→ C
f
−→ P1 special if the
branch locus of π (given by two points p1, p2) is contained in a fibre of f ,
otherwise we will call it general. Let Rbtrg,sp be the moduli space of special
elements.
Moreover we denote Mtetg,∗ the moduli space of pairs (X, k) of smooth
tetragonal curves with a 4:1 map k : X → P1 with at least one e´tale point
on each fibre with the exception of exactly one fibre which consists of two
simple ramification points.
Theorem 1.8 ([17], Theorem 4.3). The map
(1.6) Rbtrg,sp →M
tet
g,∗
is an isomorphism. Moreover if D
pi
−→ C
f
−→ P1 is an element of Rbtrg,sp and
X is the corresponding tetragonal curve, then we have an isomorphism of
ppav:
P (π) ∼= JX.
2. Case g = 1, r = 2
Let us consider π : D −→ C a double ramified covering in R1,2 and take
P1,2 : R1,2 → A1,
the corresponding Prym map.
We denote by b1+b2 the branch divisor (on C) and r1+r2 the ramification
divisor (onD). The covering π is determined by the data (C, η, b1+b2) where
η ∈ Pic1(C) = C satisfies η⊗2 = OC(b1 + b2). The linear series |b1 + b2|
gives a map f : C
2:1
−−→ P1 ramified in four points p1, p2, p3, p4 ∈ C. By
construction η is one of the sheaves OC(pi).
Calling σ the involution on C attached to f , then
σ(b1) = b2 and σ(pi) = pi, i = 1, ..., 4.
Hence σ leaves invariant b1 + b2 and η. The following is well-known:
Lemma 2.1. Let σ be an involution on a curve C leaving invariant a reduced
divisor B and a sheaf η ∈ Pic(C) such that η⊗2 ∼= OC(B). Let π : D −→ C
be the double covering attached to (C, η,B), then there exists an involution
σ˜ on D lifting σ: σ ◦ π = π ◦ σ˜.
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We have the following Cartesian diagram:
(2.1)
D
P1 C E
P1
pi
f
f ′
Here E is the quotient of D by σ˜ while P1 is the quotient of D by τ σ˜, where
τ is the involution attached to π. Indeed, without loss of generality, assume
that π corresponds to the point p1 (i.e. η ∼= OC(p1)). Then the preimages
of p1 by π are fixed points of σ˜ and they are the only ones. On the other
hand, τ σ˜ fixes the preimages by π of p2, p3, p4. Therefore E is an elliptic
curve, while D/〈τ σ˜〉 is P1 (note that if this is not true the contrary holds).
Using [20, section 7], we get P (D,C) ∼= E.
Calling ai = f(pi) and b = f(b1) = f(b2), we obtain that the branch locus
of f ′ : E → P1 is given by b, a2, a3, a4. We have the following:
Theorem 2.2. Fix a generic elliptic curve E ∈ A1. The preimage of E by
the ramified Prym map P1,2 is isomorphic to L1 ⊔ . . .⊔L4, where each Li is
the complement of three points in a projective line.
Proof. Start with E represented as a double covering of P1 branched in four
points c1, c2, c3, c4 and put
Li = P
1\{c1, ..., cˆi, ..., c4}.
Then for any q ∈ L1 we get a unique element in P
−1
1,2 (E) in the following
way: C is the covering of P1 branched in q, c2, c3, c4. Denote with b1, b2 the
preimages of c1 via this covering. Then D −→ C is determined by b1 + b2
and by η = OC(p), where p is the ramification point in C attached to q.
Doing the same for the other L′is, we conclude.

3. Case g = 1, r = 4
The case
(3.1) P1,4 : R1,4 → A
(1,2)
2
is completely studied in [2]. Here we include the main result without proof
by the sake of completeness.
Actually, instead of (3.1), it is easier to study the composition:
(3.2) R1,4 → A
(1,2)
2
∼=
−→ A
(1,2)
2
where the isomorphism sends the Prym variety to its dual (see 1.2).
Fix a general polarized abelian surface (A,L) of type (1,2). We have that:
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Proposition 3.1 ([2], pp. 46-48). The pencil |L| has no fixed component
and its base locus consists of four points e1, ..., e4. The general member
D ∈ |L| is an irreducible smooth curve of genus 3. Moreover L is symmetric
and the same occurs for all D ∈ |L|.
Furthermore if D ∈ |L| is smooth, the multiplication by −1 has exactly 4
fixed points on it. This means that the quotient D/〈−1〉 is an elliptic curve.
Theorem 3.2 (Duality Theorem 1.12,[2]). The fibre of the Prym map is
parametrized by the linear system |L∗|, where L∗ is the dual polarization of
L defined as in 1.2.
4. Cases g = 2 and r = 2
This section is devoted to the analysis of the fibres of
P2,2 : R2,2 → A2.
Taking an element (C, η,B) ∈ R2,2, we can apply the bigonal construction
using the hyperelliptic involution of C. Thus we pass from towers:
D → C → P1
to towers
D′
pi′
−→ C ′
f ′
−→ P1,
where π′ is a degree 2 map branched on 6 points and C ′ is a curve of genus
0 maybe with one node. In order to understand the nodal case the map f ′
can be seen as choosing two different points in the projective line, the limit
case appears when the two points come together.
Denote by M0,6 the moduli space of 6 unordered different points in the
projective line and byM0,6,2 the moduli space of two collections of points in
the line: 6 unordered different points and 2 unordered different points more.
A partial compactification of this last space M0,6,2 consists in allowing the
set of two points being a repeated one.
As described in subsection 1.3, the bigonal map yields an injective map:
b : R2,2 −→M0,6,2.
This is an isomorphism of R2,2 with b(R2,2), where the inverse map is the
bigonal construction again (according to [8, Section 2.3], more precisely
possibility (vi) in page 69, the bigonal map extends to nodal admissible
coverings). We denote the image b(R2,2) by M
0
0,6,2 .
In order to give a precise description of this moduli space we identify the
symmetric product Sym2P1 with a projective plane in the standard way:
we see P1 →֒ P2 as a conic via the Veronese embedding of degree 2. The
pairs of points (possibly equal) correspond to lines and therefore Sym2P1
can be identified with P2∨. The way that each pair of different points x1, x2
determines a 2 : 1 map on the conic is easy: two points z1, z2 correspond
by the involution σx1+x2 with fixed points x1, x2, if they form a harmonic
ratio: |x1, x2; z1, z2| = −1. Geometrically, viewing the points in the plane,
this means that the pole of the line x1x2 is aligned with z1 and z2.
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We have 6 marked points p1, ..., p6 in the line and we have to avoid prop-
erty (5) of subsection 1.3: we have to eliminate the pairs x1+ x2 ∈ Sym
2P1
such that σx1+x2(pi) = pj for some i 6= j. Hence:
M
0
0,6,2 = {[(p1 + . . .+ p6, x1 + x2)] ∈ M0,6,2 | |x1, x2; pi, pj | 6= −1,∀i 6= j}.
Then we have a commutative diagram:
(4.1)
R2,2 A2
M
0
0,6,2 M0,6
b
ϕ
where ϕ is the forgetful map and M0,6 → A2 is just the Torelli morphism.
Therefore, studying the fibre of ϕ, we conclude with the following:
Theorem 4.1. The fibre of the Prym map P2,2 over a general principally
polarized abelian surface S is isomorphic to a projective plane minus 15
lines.
Proof. Let S be a general principally polarized abelian surface, assume that
S is the Jacobian of a genus 2 curve H and represent H as an element
in M0,6, where the six marked points p1, ..., p6 are all different and corre-
spond to the branch locus of the hyperelliptic involution. Diagram (4.1)
says that we must look at the fibre of ϕ over H. The harmonic condition
|x1, x2; pi, pj| = −1 says that x1, x2 and the pole pij of pipj are in a line.
Therefore, looking at the dual, we have to rule out the points of the 15 lines
(pij)
∗ ⊂ P2∨.
Notice that the limit case x1 = x2 means that pij belongs to the tangent
line at the point and this is not excluded in the fibre.

5. Case g = 2 and r = 4
We study now the map
P2,4 : R2,4 → A3.
In this case the bigonal construction produces an injective map:
b : R2,4 −→ R˜1,6,
where R˜1,6 is the moduli space of isomorphism classes of pairs (π
′, f ′). Here
π′ : D′ −→ C ′ is a double cover of irreducible curves satisfying the following
condition
(*) the involution on D′ attached to π′ has 6 smooth fixed points, the
curve D′ has at most one node and, in this case, the point is fixed and the
two branches are not exchanged under the involution.
Moreover f ′ is a g12 on C
′.
We denote by R˜01,6 the image of b. This is an open set that, as in the
previous section, can be described explicitly
R˜01,6 = {(π
′, f ′) ∈ R˜1,6 | f
′(pi) 6= f
′(pj) ∀i 6= j}.
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The symmetry of the bigonal construction makes b an isomorphism onto its
image.
Remark 5.1. In order to state the next diagram we need first to extend
P1,6 to the partial compactification R
′
1,6 of the double coverings of curves of
(arithmetic) genus 1 satisfying (*). This can be proved imitating Beauville’s
construction of the extension of the Prym map to admissible coverings (see
[3]).
Similarly to the previous section we have the following diagram:
(5.1)
R2,4 A
(1,2,2)
3
∼= A
(1,1,2)
3
R˜01,6 R
′
1,6
b
ϕ
where ϕ is the forgetful map. The isomorphism A
(1,2,2)
3
∼= A
(1,1,2)
3 is given
by (1.1) and sends a polarized abelian threefold to its dual (endowed with
the dual polarization). The remaining vertical arrow P ′1,6 : R
′
1,6 → A
(1,1,2)
3
is the extension of the Prym map P1,6. From a result of Ikeda ([15]), we
know that P1,6 is injective and in fact an embedding (see [25]). Therefore
the extension to R′1,6 is generically injective. As before, Theorem (1.6)
guarantees the commutativity of (5.1). We conclude with the following:
Theorem 5.2. The fibre of the Prym map P2,4 over a general A ∈ A3 is
isomorphic to an elliptic curve E minus 15 points.
Proof. Let us consider a generic polarized abelian threefold in A
(1,2,2)
3 and
let (E, p1+ . . .+ p6, η) be its unique preimage in R1,6. Call B = p1+ ...+ p6
the branch divisor . Diagram (5.1) says that the fibre over A is isomorphic
to the fibre of ϕ over (E, η, p1 + . . .+ p6), hence it is isomorphic to:
Pic2(E) −
⋃
pi,pj∈B,
pi 6=pj
OE(pi + pj).
The isomorphism Pic2(E) ∼= E concludes the proof.

6. Case g = 3, r = 2
Let us now look at the map
(6.1) P3,2 : R3,2 → A3.
Note that here the associated Prym varieties are principally polarized.
Each non-hyperelliptic curve of genus 3 admits a 1-dimensional space of
g13 ’s. In particular, seeing C as a quartic plane curve and considering the
line l = p1 + p2 passing through p1 and p2 we can always get two degree 3
maps: they are defined considering the two different projections from one of
the two remaining points x, y of the intersection C · l. In fact if we consider
the canonical divisor
KC = p1 + p2 + x+ y
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we get h0(C,ωC(−x)) = h
0(C,ωC(−y)) = 2 and we can use the associated
linear systems to define the 3:1 maps to P1. Call them fx and fy. Both
have, by definition, the two branch points p1, p2 on the same fibre and they
are the unique trigonal maps on C with this property.
We will use the following diagram to describe the fibres of P3,2:
(6.2)
Mtet3,∗ Mq
tet
3,∗
Rbtr3,sp M3
R3,2 A3
2:1
2:1
∼=
j
P3,2
Denote Rbtr3,sp the moduli space of ramified double covers π : D → C of
smooth trigonal curves C of genus 3 such that the branch locus of π is con-
tained in a fibre of the degree 3 map to P1. By above considerations, the
forgetful map Rbtr3,sp → R3,2 is a 2:1 map. The ramified trigonal construc-
tion (as recalled in (1.8)) gives the isomorphism between Rbtr3,sp and M
tet
3,∗ .
We will study the fibre of P3,2 using the map M
tet
3,∗ → M3. Note that in
the above diagram it factors as the composition of two maps. The first one
is Mtet3,∗ → Mq
tet
3,∗ defined as the quotient map associated to an involution
that acts on Mtet3,∗. We will describe this action later. The second map
Mqtet3,∗ →M3 is the forgetful map. Finally, j is just the Torelli morphism.
Let us take a general abelian threefold A ∈ A3. We can assume that A is
the Jacobian of a general curve X of genus 3. In order to study the fibres
of Mtet3,∗ →M3 we need to recall some facts on g
1
4 ’s on X.
6.1. The blow-up. Let X ⊂ P2 = P(H0(X,ωX)
∗) be a non hyperelliptic
curve of genus 3 canonically embedded. Let G14(X) be the variety of all g
1
4
linear series on X, complete or not (see [1], chapter IV). Then by Riemann-
Roch
ψ : G14(X) −→W
1
4 (X) = Pic
4(X)
is a birational surjective map which is an isomorphism out of W 24 (X) =
{ωX}. In fact
Supp(G14(X)) = {(L, V ) | L ∈ Pic
4(X), V ∈ Gr(2,H0(X,L))}.
Thus over L 6= ωX the fibre is just the complete linear series (L,H
0(X,L)).
Call E the preimage of the canonical sheaf, then G14(X) r E
∼= Pic4(X) r
{ωX}. The set E parametrizes all the non-complete g
1
4 linear series on X
which correspond to
Gr(2,H0(X,ωX)) ∼= {lines in PH
0(X,ωX)} = P(H
0(X,ωX)
∗).
In other words G14(X) is the blow-up of Pic
4(X) at ωX and the points of the
exceptional divisor corresponds to points in the plane P2 where the curve X
is canonically embedded. The linear series is the projection from this point
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and if the point belongs to X itself, then the linear series has a base point.
We can assume that X has exactly 28 bitangents, that is that there are
not hyperflexes in X (points p such that the tangent line at p intersects X
in 4p). In fact, the curves with hyperflexes define a divisor in M3. Each
bitangent defines a divisor of the form 2pi+2qi in the canonical linear series
of X. Denote by B ⊂ X(2) the set {pi + qi | i = 1, . . . , 28} and let
S := BlBX
(2)
be the surface obtained by blowing-up X(2) at B. By the universal property
of the blow-up we have a diagram:
(6.3)
S G14(X)
X(2) Pic4(X),
ϕ
ψ
ϕ0
where ϕ0(x+ y) = OX(2x+ 2y).
Let us now consider the involution
i :Mtet3,∗ →M
tet
3,∗
(X,L) 7→ (X,ω⊗2X ⊗ L
−1).
Hence, fixing the curve X, i acts on Pic4(X). Moreover, since i(ωX) = ωX ,
i lifts to G14(X) and, by construction, it leaves ϕ(S) invariant.
Proposition 6.1. The involution i on Pic4(X) lifts to an involution in
G14(X) and it acts as the identity on the exceptional divisor E.
Proof. To simplify the notation put Pic = Pic4(X). The involution i has
an isolated fixed point at ωX . In fact the fixed points are the line bundles
L such that L⊗2 = ω⊗2X and this happens if and only if L = ωX ⊗ η, where
η is a two torsion point.
The exceptional divisor E is equal to P(TKPic) so the action of i on
E is given by the projectivisation of the differential of i at K, diK . We
claim that diK is −Id, hence it is the identity on E = P(TωXPic). In fact
by the linearisation theorem of Cartan, there exist local coordinates z in a
neighborhood U of K such that in these coordinates, i(z) = Az, where A is
a matrix such that A2 = I. Thus the eigenvalues of A are ±1. But if there
is an eigenvalue equal to 1, there would exist a space of fixed points which
is positive dimensional. This leads to a contradiction.

6.2. Geometric description of the complete linear series. In the case
of complete linear series g14 , we can describe geometrically the divisors in
the image of ϕ: fix two different points r, s ∈ X such that the line l = r+ s
intersects X in four different points. Put
l ·X = r + s+ u+ v.
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Denote by tr, ts, tu, tv the tangent lines to X at the points r, s, u, v respec-
tively. Let us define:
Fr,s = {conics through u, v tangent to tu, tv at u, v resp.} ∼= P
1.
If Q ∈ Fr,s, then Q · X = 2u + 2v + p1 + p2 + p3 + p4. All these degree
8 divisors are linearly equivalent on X (they belong to |2KX | since we are
intersecting with a conic). One of these conics is the double line l2 ∈ Fr,s
which intersects X in the divisor 2u+ 2v + 2r + 2s. Therefore:
2u+ 2v + 2r + 2s ∼ 2u+ 2v + p1 + p2 + p3 + p4,
hence 2r + 2s ∼ p1 + p2 + p3 + p4. The description of the g
1
4 is now simple:
given a point p1 ∈ X, there is a unique Q ∈ Fr,s passing through p1. Then
there is a map fr,s : X −→ Fr,s ∼= P
1, sending p1 to this conic. The fibre is
the divisor p1 + p2 + p3 + p4 considered above. Notice that one of the fibres
is 2r + 2s, hence fr,s is one of the g
1
4 we are looking for.
In the same way taking the pencil Fu,v of conics tangent to tr (resp. ts)
at r (resp. s), intersecting the conics with X and subtracting the divisor
2r + 2s we obtain the linear series fu,v : X −→ Fu,v ∼= P
1.
Observe that the involution i sends fr,s to fu,v.
6.3. The curve of g14’s with two special fibres. We need to determine
the curve on ϕ(S) ⊂ G14(X) given by the g
1
4 ’s on X with two fibres of type
2p + 2q. In the case of linear series in E (the non-complete linear series),
these clearly correspond to points which are in two bitangents. In the other
cases we have to understand when a map fr,s as above has a second fibre
of the form 2x+ 2y. Thanks to our description now we know that we only
have to look at
Γ := {r + s ∈ X(2) | ∃ a conicQ (of rank at least 2)
with Q ·X = 2r + 2s + 2x+ 2y}.
Consider the composition of maps
X(2) ×X(2)
m
−→ X(4)
s
−→ Pic8(X),
where m is the addition of divisors and s is the “square” map
∑
pi 7→
OX(2
∑
pi). The map s is surjective since it is the composition of two
surjective maps.
We observe that s−1(ω⊗2X ) is the disjoint union of 2
2·g(X) = 26 = 64
components. One is isomorphic to a projective plane and it is simply the
canonical linear series. This component is rather uninteresting since it gives
only double lines l2. The other 63 components are projective lines corre-
sponding to the paracanonical systems |ωX ⊗ α|, α ∈ JX2 r {0}. A divisor
D in one of these lines is formed by 4 points not in a line and such that
there is a conic intersecting X in 2D. Define Γα := m
−1(|ωX ⊗α|) for a non
trivial 2-torsion point α. Then
Γ =
⋃
α∈JX2r{0}
Γα.
Since Γ does not contain points of B, its preimage in S is isomorphic to
Γ hence it is a disjoint union of curves in S that we still denote by Γ.
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Call UX the open set obtained subtracting to S the set Γ and the set of
points in the exceptional divisors corresponding to points belonging to two
bitangents.
6.4. The involution on G14(X). We want to prove that the natural invo-
lution in Rtr3,sp, which exchanges the trigonal maps fx and fy, corresponds,
via the trigonal construction, to the involution
i : (X,L) 7→ (X,ω⊗2X ⊗ L
−1)
in Mtet3,∗.
Remark 6.2. The involution in Rbtr3,sp does not exchange the covering (it
acts only on the trigonal series). Since the Prym variety of the covering is
isomorphic to the Jacobian of the associated tetragonal curve we know that
the involution i has to leave the curve X invariant.
To prove the equality of the involutions we go in the opposite direction:
we fix the quartic X as above and the two complete linear series fr,s, fu,v
such that r, s, u, v are on a line. These linear series correspond by the invo-
lution i. It is enough to prove the coincidence of both involutions for these
examples since they are the generic elements.
Define (following Recillas, see [7]):
D˜r,s = {a+ b ∈ X
(2) | fr,s(a) = fr,s(b)}.
Notice that there are involutions σr,s (and resp. σu,v) on the curves D˜r,s
(and resp. D˜u,v) sending each pair of points to the complement in the cor-
responding linear series. We denote by C˜r,s and C˜u,v the quotient (trigonal)
curves. Recillas trigonal construction says that there are isomorphisms of
principally polarized abelian varieties:
P (D˜r,s, C˜r,s) ∼= JX ∼= P (D˜u,v, C˜u,v).
The assignment (X, fr,s) 7→ (D˜r,s, C˜r,s,M) is the inverse of the trigonal con-
struction. M is the g13 on C˜r,s which sends [p1+ p2] = [p3+ p4] to the corre-
sponding conic in Fr,s. Its fibre is of the form {[p1+ p2], [p1+ p3], [p1+ p4]}.
Notice that here tetragonal maps fr,s (and resp. fu,v) come with two simple
ramification points over l2. This implies that, unlike what occurs in Recil-
las, (D˜r,s, C˜r,s) (and resp. (D˜u,v, C˜u,v)) is an admissible double cover of type
(∗) in the sense of Beauville. Donagi extended the trigonal construction to
admissible double covers (for details see [8, Theorem 2.9]). Call (Dr,s, Cr,s)
(and resp. (Du,v, Cu,v)) the normalizations of these coverings.
Proposition 6.3. a) There is a canonical isomorphism D˜r,s
λ
−→ D˜u,v
compatible with the involutions: λ ◦ σr,s = σu,v ◦ λ. In particular
there is an isomorphism C˜r,s
λ
−→ C˜u,v.
b) Let b ∈ C˜r,s be the branch point of D˜r,s
pir,s
−−→ C˜r,s, then b
′ := λ(b) is
the branch point of D˜u,v −→ C˜u,v.
c) There exist points x ∈ Cr,s and y ∈ Cu,v such that |b1 + b2 + x| and
|b′1+b
′
2+y| are the corresponding trigonal series (where bi and b
′
i are
the preimages of b and b′ in the normalizations of C˜r,s and C˜u,v).
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d) There is an isomorphism OCu,v (b
′
1 + b
′
2 + λ(x) + y)
∼= ωCu,v .
Proof. Let p1 + p2 ∈ D˜r,s. By definition h
0(X,OX (2r + 2s − p1 − p2)) = 1.
Thus, by Serre duality we have that
1 =h0(X,ωX(p1 + p2 − 2r − 2s)) =
h0(X,OX (r + s+ u+ v + p1 + p2 − 2r − 2s)) =
h0(X,OX (u+ v + p1 + p2 − r − s)).
Let q1+ q2 ∈ |u+ v+p1+p2− r− s|. Let us see that q1+ q2 ∈ D˜u,v. Indeed:
h0(X,OX (2u+ 2v − q1 − q2)) =
h0(X,OX (2u+ 2v − u− v − p1 − p2 + r + s))
=h0(X,OX (u+ v + r + s− p1 − p2)) = 1.
Therefore the map D˜r,s
λ
−→ D˜u,v given by
λ(p1 + p2) = q1 + q2 ∼ p1 + p2 + u+ v − r − s,
is well defined and the compatibility with the involutions is an exercise. This
proves a). Observe that b) is an obvious consequence once we notice that
σr,s has a unique fixed point given by r + s. The same occurs in u + v for
σu,v. From point a) we know that λ(r + s) = u+ v. Thus, calling b and b
′
the images of r + s (resp. u+ v) in C˜r,s (resp. in C˜u,v), we get λ(b) = b
′.
To prove c) we refer to the description of the extended trigonal construc-
tion given by Donagi. Indeed, we have that the fibre of the 3:1 map C˜r,s → P
1
over l2 consists of a node in b and an additional point x = πr,s(2r) = πr,s(2s).
The normalization of C˜r,s gives the trigonal series |b1 + b2 + x|. The same
occurs for C˜u,v calling y = πu,v(2u) = πu,v(2v).
Finally we conclude with d). First notice that with an abuse of notation
we are still calling λ the isomorphism induced between the normalized curves
Cr,s → Cu,v. Then consider Cr,s and Cu,v as quartic plane curves and the
canonical divisors obtained intersecting Cr,s (resp. Cu,v) with the line b1+b2
(resp. b′1 + b
′
2). Thus we get
KCr,s = x+ b1 + b2 + z and KCu,v = y + b
′
1 + b
′
2 + w.
Now we have two possibilities:
w = λ(x) or w = λ(z).
We claim that w = λ(x). In fact if w = λ(z), since by construction x =
πr,s(2r) = πr,s(2s) then we would have λ(2r) = 2u or λ(2r) = 2v. But this
contradicts the definition of λ given above. Hence we get OCu,v (b
′
1 + b
′
2 +
λ(x) + y) ∼= ωCu,v .

Remark 6.4. The isomorphism of Proposition (6.3)[d)], gives the compat-
ibility between the two trigonal maps fx and fy defined for the general
element of Rbtr3,sp and the two trigonal maps obtained on Cr,s (resp. Cu,v)
projecting from x or from z (resp. from λ(x) or from y).
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Theorem 6.5. The fibre of P3,2 at a generic JX is isomorphic to the quo-
tient of ϕ(UX) ⊂ G
1
4(X) by the involution i.
Proof. Starting with a general 3-dimensional abelian variety, i.e. the Ja-
cobian of a curve X, diagram (6.2) says that the fibre of P3,2 over JX is
described by the fibre over X of the map Mtet3,∗ → M3. Thus we need to
look for all tetragonal maps k : X → P1 which have an e´tale point on every
fibre and only a fibre with exactly two ramification points of order 2.
We consider the map ϕ0 in (6.3) and we look at its image in Pic
4(X). The
blow up S of X(2) at B recovers all tetragonal maps obtained as projections
from points on bitangent lines. Hence, considering the open set UX , we
avoid tetragonal maps which have two fibres of type 2p+ 2q (which are not
allowed by the trigonal construction).
Finally, since Rbtr3,sp has an involution which exchanges the two special
trigonal series, we let i act on Mtet3,∗ to identify the two tetragonal maps on
X which correspond (by the isomorphism (1.6)) to the trigonal maps fx and
fy and we denote by Mq
tet
3,∗ the corresponding moduli space. Letting i act
on ϕ(UX), we obtain the fibre over JX.

7. Case g = 4, r = 2
In this last case we identify R4,2 with ∆
n,0, the set of isomorphism classes
of irreducible admissible coverings of curves of arithmetic genus 5 with ex-
actly one node. Notice that ∆n,0 is a dense open set of an irreducible divisor
∆n in the boundary of R5.
In [8] Donagi describes the generic fibre of the extended classical Prym
map
P5 : R5 −→ A4.
He defines a birational map
κ : A4 −→ RC
+,
where RC+ is the moduli space of pairs (V, δ), where V is a smooth cubic
threefold V and δ ∈ JV2 a non-zero 2-torsion point in the intermediate
Jacobian JV with a ”parity” condition. An explicit open set in A4 where κ
is an isomorphism is given in [16]. The main theorem in section 5 of [8] says
that the fibre of κ◦P5 at a generic (V, δ) is isomorphic to the surface F˜ (V ),
which is the unramified double covering of the Fano surface F (V ) attached
to δ (remember that Pic0(F (V )) ∼= JV ).
Our aim is to identify which elements of F˜ (V ) correspond to admissible
irreducible double coverings of nodal curves. In other words, we want to
find the intersection:
F˜ (V ) ∩∆n,0.
We will prove that the image of this intersection by the double covering
τ :
(
κ ◦ P5
)−1
(V, δ) = F˜ (V ) −→ F (V )
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lies in a curve Γ already considered in the literature and which is defined as
follows:
Γ := {l ∈ F (V ) | ∃ a plane Π and a line r ∈ F (V ) with V ·Π = l + 2r}.
For a generic cubic threefold V the curve Γ is smooth and irreducible and
belongs to the bicanonical system of F (V ), see [24, Prop. 2.4]. In addition,
for any l ∈ Γ, Ql, the discriminant curve of the conic bundle structure
provided by l, has only one node (see [4]). Let us denote by Γ˜ the curve
τ−1(Γ).
Lemma 7.1. The curve Γ˜ is irreducible.
Proof. Indeed, otherwise it would be the union of two disjoint curves G1, G2.
Using the projection formula with respect to the 2 : 1 map τ we get that
G2i = Γ
2 = 4 ·K2
F (X) > 0. By the Index Theorem G
2
1 > 0 and G1 · G2 = 0
imply G22 ≤ 0, a contradiction. 
Since the fibre we are looking for is one dimensional, the next result
implies that it is an open set of Γ˜:
Proposition 7.2. For a generic cubic threefold V we have that
τ(F˜ (V ) ∩∆n,0) ⊂ Γ.
We have two proofs for this fact. The first follows closely Donagi’s de-
scription of the fibre and concludes that if l ∈ F (V )rΓ then τ−1(l) is given
by coverings of smooth curves, that is τ−1(l) ⊂ R5.
Let us remind briefly this description: let A ∈ A4 be a generic abelian
fourfold and put κ(A) = (V, δ).
Choose a generic line l ∈ F (V ) and denote by πl : Q˜l −→ Ql the admis-
sible double covering attached to the conic bundle structure on V provided
by l. Then Ql is a smooth quintic plane curve and P (Q˜l, Ql) ∼= JV .
Let σ ∈ (JQl)2 be the 2-torsion point that determines πl. Then, by the
general theory of Prym varieties (see [20, page 332, Corollary 1]), there is
an exact sequence
(7.1) 0 −→ 〈σ〉 −→ 〈σ〉⊥ −→ P (Q˜l, Ql)2 = JV2 −→ 0,
where 〈σ〉⊥ ⊂ (JQl)2 is the orthogonal with respect to the Weil pairing.
Denote by ν a preimage of the fixed 2-torsion point δ in JV2, then the other
preimage is ν ′ := ν + σ. These three elements define an isotropic subgroup
Wl of rank 2 on JQl.
The parity condition of (V, δ) ∈ RC+ means that h0(Ql,OQl(1) ⊗ ν) and
h0(Ql,OQl(1) ⊗ ν
′) are even. Thus there are two curves of genus 5, C˜ and
C˜ ′, such that JC˜ ∼= P (Ql, ν) and JC˜
′ ∼= P (Ql, ν
′).
Using for P (Ql, ν) an exact sequence similar to (7.1), we get:
0 −→ 〈ν〉 −→ 〈ν〉⊥ −→ P (Ql, ν)2 = JC˜2 −→ 0.
Therefore the rank 2 subgroup Wl ⊂ 〈ν〉
⊥ determines on JC˜ a 2-torsion
point µ. Similarly there is a µ′ ∈ JC˜ ′2. Denoting with λ the sheet interchange
for the covering τ , Donagi proves that:
λ(C˜, µ) = (C˜ ′, µ′) and P (C˜, µ) ∼= P (C˜, µ′) ∼= A.
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Hence the preimages of l by τ are the elements (C˜, µ), (C˜ ′, µ′) obtained pre-
viously. In particular, since they are smooth, we find that τ−1(l) ⊂ R5, as
claimed. This concludes the first proof.
The second proof is more constructive and more useful for our purposes.
We show directly that for a covering in ∆n,0 the corresponding line l belongs
to Γ. This approach relies on the following result of Izadi (see [16, Theorem
6.13]):
Theorem 7.3. Let (V, δ) be a generic smooth cubic threefold and let π∗ :
D∗ −→ C∗ be an admissible covering in the fibre of (V, δ). Assume that
τ(π∗) = l ∈ F (V ). Then the discriminant quintic Ql of the conic bundle
structure attached to l parametrizes the set of singular quadrics through the
canonical model of C∗.
By canonical model we mean the image of C∗ by the morphism attached to
the dualizing sheaf.
Remark 7.4. The line l attached to π∗ is defined in [16] in a different way.
However it is proved in 6.30 in loc. cit. that it equals τ(π∗).
Let π : D −→ C be an element in R4,2 and denote by π
∗ : D∗ −→ C∗
the corresponding admissible covering in ∆n,0 ⊂ R5. By definition C
∗ =
C/b1 ∼ b2 is a curve of arithmetic genus 5 with a node in p obtained by
glueing the two branch points b1, b2 of π.
Lemma 7.5. a) The quintic plane curve parametrizing the singular
quadrics containing the image of the canonical map of C∗ is a quintic
with exactly one node. In particular τ(π∗) ∈ Γ.
b) The quintic plane curve parametrizing the singular quadrics contain-
ing the canonical image of an arithmetic genus 5 curve with at least
two nodes is a nodal quintic with at least two nodes.
Proof. Observe that it is enough to prove a) assuming that π is a general
element of R4,2. In particular we assume that C is not trigonal.
The map ϕ : C −→ P(H0(C,ωC(b1 + b2))
∗) satisfies ϕ(b1) = ϕ(b2) and
it is an isomorphism out these two points. Hence ϕ(C) = C∗ and ϕ can
be seen as the normalization n : C −→ C∗ composed with the inclusion
C∗ ⊂ P (H0(C,ωC(b1 + b2)))
∗ = P4.
We have the following exact sequence:
(7.2) 0→ ωC∗ → n∗(ωC(b1 + b2))→ Cp → 0,
which induces
(7.3) 0→ H0(C∗, ωC∗)→ H
0(C,ωC(b1 + b2))
res
−−→ C→ C→ 0,
where res is the map ω 7→ resb1ω+resb2ω. By the residue theorem it vanishes
identically. Therefore
H0(C∗, ωC∗) ∼= H
0(C,ωC(b1 + b2)).
Now let L be a g13 on C and consider bases
H0(C,L) = 〈t1, t2〉, H
0(C,ωC ⊗ L
−1) = 〈s1, s2〉.
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Put
ω1 = t1s1 ω2 = t2s1 ω3 = t1s2 ω4 = t2s2,
to get
H0(C,ωC) = 〈ω1, ω2, ω3, ω4〉 and H
0(C,ωC(b1+ b2)) = 〈ω1, ω2, ω3, ω4, ω5〉.
We obtain the following diagram:
(7.4)
C P4
P3
ϕ
g
where g is the canonical map and the vertical rational map is given by
dualizing the inclusion H0(KC) ⊂ H
0(KC(b1 + b2)). It corresponds to the
projection from the point p.
Since C is a general curve of genus 4, there exists a unique quadric Q
containing its canonical model and it has rank 4, namely: Q = ω1 ⊙ ω4 −
ω2⊙ω3. In particular, in the chosen coordinates, ϕ(bi) = p = [0 : 0 : 0 : 0 : 1]
(i = 1, 2) and Q = {x1x4− x2x3 = 0}. The preimage of Q by the projection
is a cone with vertex p which contains C∗ and has rank four (and in fact the
same equation). We still call it Q.
Using now
(7.5) 0→ ω⊗2C∗ → n∗(ω
⊗2
C (2b1 + 2b2))→ Cp → 0
and its corresponding long exact sequence in cohomology, we obtain that
also in the case of a nodal curve of arithmetic genus 5
dim I2(ωC∗) = 3.
Taking Q,Q1, Q2 as a basis, we would like to show that the discriminant
curve ∆ of the family of quadrics
P(I2(KC∗)) = P(〈Q,Q1, Q2〉)
is nodal. By the above considerations p ∈ S(Q)∩C∗, where S(·) denote the
singular locus.
In the paper [29], Wall studied the discriminant locus of nets of quadrics.
In particular [29, Lemma 1.1] ensures that ([1 : 0 : 0], p) belongs to S(N),
where
N := {([λ0 : λ1 : λ2], x) | x
t(λ0A0+λ1A1+λ2A2)x = 0} ⊂ P(〈Q,Q1, Q2〉)×P
4
is the universal family of the net of quadrics containing C∗ (Ai, i = 0, 1, 2
are the matrices associated to Q,Q1, Q2). To be more precise we would
have to write Q = Q[1:0:0] and the analogous for other Qi. We will omit the
subscript when it will be possible.
Assuming that every point in S(C∗) is tame (we give the definition below),
the map S(N) → S(C∗), which sends (λ = [λ0 : λ1 : λ2], x) to x, becomes
bijective. Since, in our case, S(C∗) = {p}, we obtain that S(N) = {([1 : 0 :
0], p)}. Moreover p ∈ S(C∗) and ([1 : 0 : 0], p) ∈ S(N) have the same type
of singularity (by [29, Proposition 1.3]).
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Claim 7.1. The map
ρ : N → P2
(λ, x) 7→ λ
sends S(N) to S(∆).
Proof. Firstly observe that since
ρ−1(∆) = {(x, λ) : x ∈ Qλ and Qλ is singular},
we get
S(N) ⊆ ρ−1(∆).
We conclude with the Jacobian criterion. Indeed, using local coordinates
for which a singular point of N is ([1 : 0 : 0], [0 : 0 : 0 : 0 : 1]), we have:
Q↔


a1 0 0 0 0
0 a2 0 0 0
0 0 a3 0 0
0 0 0 a4 0
0 0 0 0 0

 , Q1 ↔

 ∗
0

 , Q2 ↔

 ∗
0

 ,
since p is a point in all quadrics of the net and Q is singular in p. Therefore
λ0A0+λ1A1+λ2A2 has a 0 in position (5, 5), homogeneous linear polynomi-
als l = l(λ1, λ2) out of the diagonal and l+ai on the diagonal (i = 1, 2, 3, 4).
Put G(λ0, λ1, λ2) = det(λ0A0+λ1A1+λ2A2). Then it is possible to write
G = f5 + λ0f4 + λ
2
0f3 + λ
3
0f2,
where fi are homogeneous polynomials in (λ1, λ2) of degree i. Therefore
∂λG(p) = 0, i.e. G is singular and thus [1 : 0 : 0] belongs to S(∆).

Applying [29, Theorem 1.4] for ([1 : 0 : 0]) in S(∆) (and resp. ([1 : 0 :
0], p) ∈ S(N)), we conclude that the discriminant locus of N has a unique
nodal point, as claimed.
It only remains to show that p is tame. By definition a point of C∗ is
tame if the tangent planes to C∗ at the point span a 2-dimensional vector
space. We check that p is tame: call πi, i = 0, 1, 2 the tangent planes of the
three quadrics at p. In coordinates:
πi : (0 : 0 : 0 : 0 : 1)Aiy = 0, i = 0, 1, 2.
Thus:
pA0y = (0 : 0 : 0 : 0 : 1)


0 0 0 1 0
0 0 −1 0 0
0 −1 0 0 0
1 0 0 0 0
0 0 0 0 0

y = 0
and
pAiy = 0⇔ (a
i
5,1, a
i
5,2, a
i
5,3, a
i
5,4, a
i
5,5)y = 0,
where ai5,j are the coefficients of the last row of the matrices Ai, i = 1, 2.
Call these vectors a1,a2. Then p is tame if
dim〈a1,a2〉 = 2.
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Suppose, by contradiction, that a2 = µa1. Then Q
′ : µA1 − A2 belongs to
I2(KC), so Q
′ = νQ. Therefore
0 = νQ−Q′ = νQ− µQ1 +Q2,
which is impossible. This concludes the proof of part a).
In order to prove part b), let us start with an admissible double-nodal
covering π2∗ : D2∗ → C2∗, i.e. S(C∗) = {p1, p2}. Consider the following
partial normalization maps:
N1 N˜1 C
2∗α
n
β
where n is the normalization, β is the partial normalization of the node in
p2 while α of the one in p1.
A short exact sequence for ωN˜1 similar to (7.2) ensures that
dim I2(ωN˜1) = dim I2(ωN1(q1 + q
′
1)) = 1,
where q1, q
′
1 are the two points of N1 sent to p1 by α.
We remark that the unique quadric Q containing the image of
N1 → N˜1 ⊂ P(H
0(ωN1(q1 + q
′
1)))
cannot be singular in p1. Otherwise, if we write in local coordinates
Q =
∑
i,j≤4
aijxixj and p1 = [0 : 0 : 0 : 1],
we would get ∂iQ(p1) = ai4 = 0 for every i. But this would imply Q ∈
I2(ωN1), which is impossible since I2(ωN1) = 0. Then, dualizing the inclusion
H0(ωN˜1) ⊂ H
0(ωN˜1(q2 + q
′
2)) (points q2, q
′
2 are identified in p2 in C
2∗), we
obtain a diagram as (7.4) where the rational map P4 99K P3 is given by the
projection from p2. The preimage of Q is a cone with vertex p2 which is
smooth in p1 and which contains our curve with two nodes. With an abuse
of notation, we still denote it by Q.
The short exact sequence (7.5) for the bicanonical ω⊗2
C2∗
of C2∗ shows that
dim I2(ωC2∗) = 3. Call, as before, N ⊂ P(I2(ωC2∗))×P
4 the universal family
of the net of quadrics containing C2∗. Thus, Q is the point λ = [1 : 0 : 0] in
P2.
Since C2∗ has two singular points, [29, Lemma 1.2] shows that there exists
µ ∈ ∆ (the discriminant curve of the net P(I2(ωC2∗))) such that p1 ∈ S(Qµ).
Hence Q 6= Qµ. This concludes the proof: (λ, p2) and (µ, p1) belong to S(N).
Therefore the map ρ of Claim 7.1 determines two different singular points
in ∆.
The cases #S(C∗) = 3, 4 are similar: the partial normalization at one
point leads to a curve of arithmetic genus 4 with singular points. Call one of
them p1. As above we find a quadricQ in I2 which is a cone with vertex p1 on
a quadric which is smooth in at least one of the remaining nodes. Applying
Wall’s theorems, we know the existence of another quadric which is singular
in at least one among the other nodes. This leads to a discriminant curve
∆ which has at least two singular points.

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Thus the following holds:
Theorem 7.6. The generic fibre of P4,2 at (V, δ) is isomorphic to Γ˜.
Proof. Take π : D → C in R4,2 and denote, as above, π
∗ the corresponding
element in ∆n,0. Lemma 7.5a) shows that τ(π∗) belongs to Γ. Therefore, in
order to show that the generic fibre of P4,2 at (V, δ) is isomorphic to Γ˜ and
not only contained as an open subset, it remains to prove that Γ˜ doesn’t
include elements of the boundary of R5 which are not admissible covering
of irreducible curves with exactly one node. Since A ∈ A4 is generic, we can
suppose A simple and hence, using [3], we can just take into account cover-
ings of irreducible curves. Finally, the inclusion ∆n,0 ⊂ ∆n guarantees that
we only have to take care of admissible coverings of irreducible curves with
more than one node. Therefore, suppose by contradiction that Γ˜ contains
an admissible coverings of an irreducible curve with (at least) two nodes.
Lemma 7.5b) gives us a quintic plane curve with at least two nodes. This
contradicts the assumption on Γ and thus we can conclude.

8. Fibres of the Prym map and Shimura varieties
In this section we give some examples of irreducible components of some
fibres of the ramified Prym maps which yield Shimura subvarieties of Ag.
Recall that in [18], [19], [11], [13] examples of Shimura subvarieties of Ag
generically contained in the Torelli locus have been constructed as families
of Jacobians of Galois covers of P1 or of elliptic curves. Some of them are
contained in fibres of ramified Prym maps. In [12] and [14] infinitely many
examples of totally geodesic and of Shimura varieties generically contained
in the Torelli locus have been constructed as fibres of ramified Prym maps.
In particular, the images inM2 and inM3 of R1,2, respectively R1,4, are
the bielliptic loci and in [13] it is shown that their images in A2, resp. A3,
via the Torelli maps are Shimura subvarieties. In [12] it is proven that the
irreducible components of the fibres of the Prym maps P1,2, P1,4 are totally
geodesic curves and countably many of them are Shimura curves. Moreover
in [12] the authors show that family (7) = (23) = (34) of [11] is a fibre of
the Prym map P1,4, which is a Shimura curve.
It is easy to see that the Shimura family (24) of [11] is contained in a fibre
of the Prym map P2,2. In fact it is a family of curves D of genus 4 with an
action of a group G = Z/2× Z/2× Z/3, such that D/G ∼= P1 and the map
D → D/G ∼= P1 is branched over B which consists of 4 distinct points. In
terms of the generators g1, g2, g3 of G, with o(g1) = o(g2) = 2, o(g3) = 3, the
monodromy of the covering θ : π1(P
1−B) ∼= 〈γ1, ..., γ4 | γ1γ2γ3γ4 = 1〉 → G
is θ(γ1) = g2, θ(γ2) = g1g2, θ(γ3) = g3, θ(γ4) = g1g
2
3 .
One easily checks that the map D → D/〈g1〉 is a double covering of a
genus 2 curve, ramified over 2 points. Moreover the Prym variety P (D,C)
is isogenous to E × E′ where E = D/〈g2〉 and E
′ = D/〈g1g2〉 and E and
E′ do not move, since the Galois covers E → E/(G/〈g2〉) = D/G = P
1 and
E′ → E′/(G/〈g1g2〉) = D/G = P
1 both have only 3 critical values. This
shows that the family of covers D → C is contained in a fibre of the Prym
map P2,2.
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Finally we give an explicit new example of a totally geodesic curve which
is an irreducible component of a fibre of the Prym map P1,2.
Example.
Consider a family of Galois covers ψλ : Dλ → Dλ/G ∼= P
1, ramified over
B = {P1 = λ, P2 = 1, P3 = 0, P4 = ∞} with G ∼= (Z/4 × Z/4) ⋉ Z/2 and
with g(Dλ) = 11. We use the following presentation of G:
G ∼= 〈g1, g2, g3, g4, g5 | g
8
1 = g
2
2 = g
4
3 = g
4
4 = g
2
5 = 1, g
2
1 = g4,
g23 = g
2
4 = g5, g
−1
1 g2g1 = g2g3, g
−1
1 g3g1 = g3g5, g
−1
2 g3g2 = g3g5〉.
Notice that G = (〈g1g2g3〉×〈g4〉)⋉〈g2〉 ∼= (Z/4×Z/4)⋉Z/2. For simplicity,
as above, we omit the index λ and we denote an element of the family of
Galois covers simply by ψ : D → D → D/G ∼= P1. The monodromy of the
cover θ : π1(P
1 −B) ∼= 〈γ1, ..., γ4 | γ1γ2γ3γ4 = 1〉 → G is
[θ(γ1) = g2g3g5, θ(γ2) = g3g4g5, θ(γ3) = g1g2g4g5, θ(γ4) = g1g3g4g5]
and these elements have orders [2, 2, 4, 8] in G.
Consider the subgroup H = 〈g2, g5〉 ∼= Z/2 × Z/2 of G. By Riemann
Hurwitz formula one easily computes the genus of the quotient D/H which
is 2. Set K := 〈g2, g3g4〉 ∼= D4, K1 := 〈g2, g4〉 ∼= Z/2×Z/4, K2 := 〈g2, g3〉 ∼=
D4. The genus 2 curve C admits three distinct double covers:
f : C = D/H → D/K ∼= P1,
f1 : C = D/H → D/K1 =: E1, f2 : C = D/H → D/K2 =: E2,
where E1 and E2 are elliptic curves.
The double covers π1 : E1 = D/K1 → D/〈g2, g3, g4〉 ∼= P
1, π2 : E2 =
D/K2 → D/〈g2, g3, g4〉 ∼= P
1 allow to express the elliptic curves E1 and E2
in Legendre form:
E1 : y
2 = x(x− µ)(x2 − 1), E2 : y
2 = x(x2 − 1),
where µ2 = λ.
Therefore the elliptic curve E2 does not move and J(C) is isogenous to
E1 × E2. So the Prym varieties P (C,E1) are isogenous to the fixed elliptic
curve E2. Thus the 1-dimensional family of double covers π1 : C → E1
is contained in a fibre of the Prym map P1,2, hence it gives an irreducible
component of a fibre of P1,2.
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